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Abstract
It is proved that any finite-dimensional solvable Lie algebra generated by normal operators is commutative, and some other
related results are given.
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1. Introduction
LetH be a Hilbert space. The C*-algebra of all bounded linear operators onH is denoted by B(H ). On B(H ),
we can define a Lie product [ , ] : [T1, T2] = T1T2 − T2T1, for T1, T2 ∈ B(H ). So B(H ) can be seen as a Lie algebra.
For all T ∈ B(H ), T ∗ denotes the adjoint operator of T . Let M ⊂ B(H ), the Lie algebra generated by M , denoted
by ε(M), is the smallest Lie algebra containing M . Ker(T ) denotes the kernel of operator T . In [1], it is proved that:
If dim ε(T ,T ∗) < +∞, and ε(T ,T ∗) is solvable, then T is a normal operator. Moreover, ε(T ,T ∗) is commutative.
The following question arises naturally:
If N1,N2 ∈ B(H ) are normal operators, dim ε(N1,N2) < +∞, and ε(N1,N2) is solvable, then is ε(N1,N2)
commutative?
We shall give an affirmative answer for it. Let L be a normed Lie algebra. L is called ad-compact if the operator
ada on L is compact, for every a ∈ L. L is an Engel Lie algebra if the operator ada on L is quasinilpotent, for
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finite-dimensional E-solvable Lie algebra is solvable by [2, Theorem 6.19].
Lemma 1.1. (See [2, Theorem 6.15].) An ad-compact Lie algebra L is E-solvable if and only if [L,L] is Engel.
We will also make use of the theory of decomposable operators. One can find the concepts of ‘spectral operator,’
‘scalar operator,’ ‘generalized scalar operator,’ and ‘decomposable operator’ in [3]. It is well known that a normal
operator is a scalar operator; a scalar operator is a spectral operator; spectral operators and generalized scalar operators
are decomposable. We will denote the spectral maximal subspace of B(H ) associated with adN and closed subset
F ⊂ C by BadN(F ). It is well known that if N is a scalar operator, then adN is a generalized scalar operator by [3,
Theorem 4.4.3]. The following lemma is useful.
Lemma 1.2. (See [4, Theorem 2.1].) If N is a scalar operator in B(H ), then BadN({λ}) = Ker(adN − λI) for each
λ in σ(adN).
If N is a normal operator, then adN is decomposable. So the following result can be obtained by [3, Lemma 4.4.4].
Lemma 1.3.
BadN
({0}) = {S ∈ B(H ) ∣∣ lim
n→∞
∥∥(adN)nS∥∥1/n = 0}.
2. Normal operators
Proposition 2.1. Let N be an normal operator. For every T ∈ B(H ), if ε(N,T ) is an Engel Lie algebra, then
NT = T N .
Proof. If ε(N,T ) is an Engel Lie algebra, then adN : ε(N,T ) → ε(N,T ) is quasinilpotent. So
lim
n→∞
∥∥(adN)nT ∥∥1/n = 0 and T ∈ BadN
({0})
by Lemma 1.3. By Lemma 1.2, adN(T ) = 0. 
In the sight of Proposition 2.1, it is nature to consider that for every T ∈ B(H ), if ε(N,T ) is finite-dimensional
solvable, dose NT = T N hold? However, for some normal operator N , there is an operator T ∈ B(H ), such that
ε(N,T ) is finite-dimensional solvable, but NT = T N . In fact, if the spectrum of the normal operator N ∈ B(H )
consists of finite number (more than 1) of points, so is adN by Rosenblum’s theorem. If λ ∈ σ(adN), then
BadN({λ}) = {0}. Let 0 = T ∈ BadN({λ}). Then ad(N)(T ) = λT by Lemma 1.2. So ε(N,T ) is finite-dimensional
solvable, but NT = T N .
Proposition 2.2. If N1,N2 ∈ B(H ) are self-adjoint operators, and ε(N1,N2) is an ad-compact E-solvable Lie alge-
bra, then N1N2 = N2N1.
Proof. Let L = ε(N1,N2). Because L is ad-compact E-solvable, [L,L] is an Engel Lie algebra, by Lemma 1.1.
Since ([N1,N2])∗ = (N1N2 − N2N1)∗ = −[N1,N2], so [N1,N2] is a normal operator. So by Lemmas 1.2 and 1.3,
ad([N1,N2]) = 0 on [L,L]. Because [[N1,N2],N1] ∈ [L,L], so
ad
([N1,N2]
)([[N1,N2],N1
]) = ad2([N1,N2]
)
(N1) = 0.
N1 ∈ Bad([N1,N2])({0}) by Lemma 1.3. So ad([N1,N2])(N1) = 0 by Lemma 1.2. That is ad2(N1)(N2) = 0. Again
N2 ∈ BadN1({0}), [N1,N2] = 0. 
Corollary 2.1. If N1,N2 ∈ B(H ) are self-adjoint operators, and ε(N1,N2) is a finite-dimensional solvable Lie alge-
bra, then N1N2 = N2N1.
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Theorem 2.1. If N1,N2 ∈ B(H ) are normal operators, and ε(N1,N2) is finite-dimensional solvable, then
[N1,N2] = 0.
Proof. LetL= ε(N1,N2). adLNi denotes adNi : L→ L, for i = 1,2. So adLNi is a finite rank operator, for i = 1,2.
Let {λ1, λ2, . . . , λn} be the spectrum of σ(adLN1), and
EadLN1(λi) =
{
x ∈ L ∣∣ lim
n→∞
∥∥(adLN1 − λi)nx
∥∥1/n = 0
}
,
for i = 1,2, . . . , n. So L= EadLN1(λ1) ⊕ EadLN1(λ2) ⊕ · · · ⊕ EadLN1(λn).
Claim. EadLN1(λi) = Ker(adLN1 − λi), for i = 1,2, . . . , n.
Since N1 is normal, so adN1 has the single valued extension property, and so does adN1 − λi . Consequently,
ρadN1(x) − λi = ρadN1−λi (x), for any x ∈H , where ρadN1(x) denotes the local resolvent set for adN1 at x (cf. [3]).
This implies that
BadN1−λi
({0}) = BadN1
({λi}
)
. (1)
Since adN1 is decomposable, so is adN1 −λi . According to Lemma 1.3 applied to adN1 −λi , Eq. (1), and Lemma 1.2,
respectively,
{
S ∈ B(H) ∣∣ lim
n→∞
∥∥(adN1 − λi)nS
∥∥1/n = 0
}
= BadN1−λi
({0}) = BadN1
({λi}
) = Ker(adN1 − λi),
which clearly implies that
EadLN1(λi) = Ker(adLN1 − λi).
So, by Claim,
L= Ker(adLN1 − λ1) ⊕ · · · ⊕ Ker(adLN1 − λn). (2)
For every T ∈ Ker(adLN1 − λi), i ∈ {1,2, . . . , n}, adN1(T ) = λi(T ). So (N1 − λi)T = T N1, hence (N1 − λi)∗T =
T N∗1 by Fuglede’s theorem. That is, adN∗1 (T ) = λ¯iT . So if λi = 0, [N∗1 ,Ker(adLN1)] = {0}. If λi = 0,[N∗1 ,Ker(adLN1 − λi)] ⊂ Ker(adLN1 − λi) ⊂ [L,L]. So by (2), [N∗1 ,L] ⊂ [L,L]. Let L1 = span{N∗1 ,L},
then [L1,L1] ⊂ [L,L]. Because L is finite-dimensional solvable, [L,L] is nilpotent. So [L1,L1] is nilpotent.
L1 is finite-dimensional solvable. Similarly, let L2 = span{L1,N∗2 }, then L2 is also finite-dimensional solv-
able. Now, ε((N1 + N∗1 )/2, (N2 + N∗2 )/2), ε((N1 − N∗1 )/(2i), (N2 + N∗2 )/2) ⊂ L2 are finite-dimensional solv-
able. Note that (N1 + N∗1 )/2, (N1 − N∗1 )/(2i), and (N2 + N∗2 )/2 are self-adjoint operators. So by Corollary 2.1,[(N1 + N∗1 )/2, (N2 + N∗2 )/2] = 0, [(N1 − N∗1 )/(2i), (N2 + N∗2 )/2] = 0. So [N1, (N2 + N∗2 )/2] = 0. Similarly,[N1, (N2 − N∗2 )/(2i)] = 0. So [N1,N2] = 0. 
It is known that if N is a normal operator in B(H ), then Ran(adN) ⊕ Ker(adN) = B(H ) if and only if the
spectrum of N consists of finite number of points [5, Theorem 2.4]. When the spectrum of N consists of finite number
of points, we can get the following result.
Theorem 2.2. Suppose the spectrum of the normal operator Ni ∈ B(H ) consists of finite number of points, i = 1,2.
If ε(N1,N2) is a complete ad-compact E-solvable Lie algebra, then N1N2 = N2N1.
Proof. We adopt the notations as in the proof of Theorem 2.1. Since the spectrum of N1 consists of finite number
of points, so is adLN1 by Rosenblum’s theorem. Let {λ1, λ2, . . . , λn} be the spectrum of σ(adLN1), so adLN1 is
decomposable and L = BadLN1(λ1) ⊕ BadLN1(λ2) ⊕ · · · ⊕ BadLN1(λn), where BadLN1(λi) is the spectral maximal
subspace of adLN1. By Lemma 1.2, we have
L= Ker(adLN1 − λ1) ⊕ · · · ⊕ Ker(adLN1 − λn). (3)
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algebra, [L,L] is an Engel Lie algebra by Lemma 1.1. So [L1,L1] is an Engel Lie algebra. Let L2 = span{N∗2 ,L1}.
Similarly, [L2,L2] ⊂ [L1,L1] is an Engel Lie algebra. Let P11 = (N1 + N∗1 )/2, P12 = (N1 − N∗1 )/(2i), P21 =
(N2 +N∗2 )/2, P22 = (N2 −N∗2 )/(2i), so P11, P12, P21, P22 are self-adjoint operators. Note that ε(P11,P21) ⊂ L2, so[ε(P11,P21), ε(P11,P21)] is an Engel Lie algebra. ad([P11,P21]) = 0 on [ε(P11,P21), ε(P11,P21)] by Lemmas 1.2
and 1.3. Similar to the proof of Proposition 2.1, we can get [P11,P21] = 0. Similarly we have [P11,P22] = 0,
[P12,P22] = 0, [P12,P21] = 0. So [N1,N2] = 0. 
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